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Abstract

In this paper, which is a continuation of Timofte (J. Approx. Theory 119 (2002) 291-299, we
give special uniform approximations of functions from Cygy (7 x S) and Co, (T x S, X ® Y)
by elements of the tensor products Cy(7T)® Cy(S), respectively Co(T,X)® Co(S, Y), for
topological spaces T, S and I'-locally convex spaces X, Y (all four being Hausdorf¥).
© 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

We will use the symbol I' to denote one of the fields R, C. It is known that if 7',.S
are non-empty sets and X,Y are I'-vector spaces, then the application
0 : Fx(T) @Fy(S)%FX@B y(T X S),

9(2 ﬁ@gl-) (t,5) =Y /i) ®gi(s)
iel iel
is well defined, linear and injective (where Fy(T) denotes the vector space of all X-
valued functions on T).

From now on, we consider two topological spaces 7', S, two I'-locally convex
spaces X, Y (all four Hausdorff) and a Hausdorff locally convex topology on
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Z = X®Y, such that the bilinear application ® : X x Y —Z is continuous. Let
M= T x S denote the product topological space. Since §(Cx(T)® Cy(S)) = Cz(M),
we have by some natural identifications the following inclusions:

(Cr(T)@X)®(Cr(S)®@Y)=Cx(T)®Cy(S) = Cz(M),
(CO(Ta r)®X)®(C0(Sa F)@ Y)CCO(Ta X)®CO(S7 Y)Ccm (M’ Z)

For abbreviation, we will use the following notations:
E=(Cr(T®X)®(Cr(S)®Y), Ey=(C(T,N®X)®(Co(S,IN®Y).

By the natural algebraical isomorphisms
E:(Cr(T)@CF(S))®Z, E()Z(C()(T,F)@C()(S,F))@Z,

we will identify the corresponding vector spaces. Various results concerning the
uniform density of Cr(7T)®X in Cx(T), of Cx(T)®Cy(S) in Cz(M) and
Weierstrass—Stone’s type theorems are known (see [1-6]). Therefore, we will restrict
our attention to special uniform approximations in Cz(M) and in Co, (M, Z). This
concept was introduced in [7].

Definition 1. Let ue Cz(M) (respectively, ue Cy(M,Z)) and the neighborhood
We z(0) be fixed. A function

uw € Cx(T)® Cy(S)(respectively, uy e Co(T,X)® Co(S,Y))

is said to be a special W-uniform approximant of u, if and only if uy satisfies
(u — uw)(M)= W and the following constraints:

uw (M) cco(u(M))(respectively, uy (M)c<co(u(M)u{0})),
supp uw cu”' (Z\{0}).

If X =T and S = {s} is a singleton, then M is homeomorphic to 7. Since Z~ Y as
locally convex spaces, using the algebraical isomorphisms

Cz(M)~Cy(T), Cx(T)®Cy(S)~Cr(T®Y,

Coo(M,Z2)~C,(T,Y), Co(T,X)®Co(S,Y)~Co(T,T)®Y,
reduces the above definition to the notion studied in [7]. To make our exposition self-

contained, we repeat a needed result (see [7, Theorem 1, p. 293]) without proof, in a
particular setting:

Theorem 1. If T is compact, then for all ue Cx(T) and W eV x(0), there exists an
approximant uy € Cr(T)® X, such that:

(1) (u—uw)(T)= W, uw(T)=co(u(T)),suppuw <u"' (X\{0}),
(2) uw =>,c; @;(-)x; for some finite set I, (x;);.;<u(T) and (¢;);.; p-u. (partition
of unity) on T.
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2. Special approximations in Cz(M)
2.1. The compact case of Ec Cx(T)® Cy(S)=Cz(M)

Only in this subsection we assume 7" and S to be compact spaces.

Lemma 1. I[f KcDc M, K is closed and D is open, then for every e€ (0, 1), there exists
we Cr(T)® Cr(S), such that

0<w<l, w(@)>1-—¢ VéeK, suppwcD.

Proof. Obviously, 3(U;),.;, 3(Vi);, finite families of open subsets of T, respectively
S, such that K< ;o (UixVi)eU,e; (Ui xVi)eD. Since M = (M\K)u
U;c; (Ui x V), using a p.u. subordinated to the previous open covering gives that
(@;);e;=Cr(M),, such that >, ; ¢;<1, > ., ¢, =1 and supp ;< U; x

ViViel. Set 6 =%p:= ﬁ = ﬁ and fix iel. By Stone—Weierstrass’ theorem,
W, e Cr(T)® Cr(S), such that [|[(1—0)e,+p/2—Y,||,<p/2. Therefore, on
M we have the pointwise inequalities 0<(l —0d)p;<y,;<(l —9d)p;+ p.
Now consider the compact set K;={fe M|@;(&)=p}csupp p,cU; x V.
By Urysohn’s lemma, 3a;e Cr(T), b;e Cr(S), such that 0<a;<I,
0<b;<l,suppa;c U, suppb;ic Vi, (4 ® b[)\x, = 1. Define ;= (a;®b)Y;
eCR(T)RCr(S),w =>",.; wie Cr(T)® Cr(S). We obviously have supp o< |J;,
supp w; < Uep supp (a; ® bi)c Uie; (Ui x Vi)eD  and O0<w =), ; o;<
Yoier Ui<(1=0)>",; ¢;+plI|<1. The proof is completed by showing that
), >1—e Fix feK and consider [I::={iel|¢cK;}={iel|@,(&)=p}. It
follows — that ()= 3, i(8) =iy WilS) = Xier ¥ild) = Xiens ¥il8)>
(1 = 0) 2 ier 0i(&) — Xicnrl(1 = 0)pi(&) + pl=1 =5 —[(1 =0)p+p] - |I| =1—
0—0(2—-0)>1-36=1—¢ Hence, w satisfies all required properties. [

Theorem 2. If ue Cz(M), then for every We?v z(0), there exists an approximant
uw € E, such that

(u—uw) (M)W, uy(M)c co(u(M)),supp uy cu~'(2\{0}).

Proof. Fix We7 z(0) and choose Wye? ~(0), with W, balanced, convex and
2WocW. By Theorem 1, Fv=>._ ¢;()z;ieCr(M)®Z, such that (u—
v)(M)= Wy, o(M)=co(u(M)),suppvcu(Z\{0}), (zi);c; <u(M), (@;);c; P-u. on
M for some finite set /. Since the set A4 := co(u(M)) is bounded in Z,3ee (0, 1), with
2¢eA <= W,y. For every fixed ie I, by Stone—Weierstrass’ theorem, ;€ Cr(T) ® Cgr(S),
such that ||(1 —£)¢i+ﬁ—tﬁi\|w<ﬁ. Therefore, on M we have the pointwise
inequalities 0<(1 — &), <y;<(l1 —&)p,+¢/|I|, and so 1 —e< >, ,¥;<1. Fix
zeu(M) and define w- =3, ¥,()(zi —2) + 2= 3 ¥i()zi + (1 = e ¥ ()2,
Thus, w.€ E, w.(M)c<co (u(M)). We next show that (w. — v)(M )< W,. For every
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¢eM, we have (wz = 0)() = D21 (i (&) — 9i(E))zi + (1 = Xic ¥i(€))z =
Dierli(€) = (1 = &)g;(E)]zi— &2 e il &)z + (1= 205 ¥i(8))z€ e i€ —
(1—e)@;(O)])A—ed+ (1=, ¥:(&)A=¢ed4d—eA=2"Y(Wy — W) = Wy, since
the sets 4, W, are convex and W, is balanced. As (w. — v)(M) <= Wy, we get (u —
w) (M) (u—v)(M)+ (v—w)(M)c Wy — Wy =2Wy<W. We need to consider
two cases:

() If 0¢u(M), then u~'(Z\{0}) = M Dsuppw,, and so uy = w, satisfies all
required properties.

(i) If Oeu(M), since (1 —¢)p;<y; VYiel and M is compact, it follows that
36€(0, 1), such that (1 —e¢)p,<(1 — )y, Viel on M. Since suppvcu!'(Z\{0}),
Lemma 1 shows that 3JweCr(T)®Cr(S), with 0<w<l, w(é)>1-
0 Vée suppuv,suppwcu~(Z\{0}). Now define up =w- -w.e(Cr(T)RX)®
(Cr(S)®7Y). Thus, uw(M)co(M) - -w.(M)<[0,1) - co(u(M)) cco(u(M)),
supp uy =supp w<u~'(Z\{0}). It remains to prove that (u — uy)(M)<=W. Fix
Ee M. There are two subcases:

(a) If &esuppuv, then we clearly have on M the pointwise inequalities (1 —
0,8 < (I — WO <w(@)((1 — o) + ¢/lll) Viel, and so w(é)=
(&) Yier (1= )i(&) + /11> (1 — ) Yoy 9,(8) = 1 — 5. Hence, (uw — 0)(&) =
(owz = 0)(&) = Xies [@OPi(&) — (1 —e)p(d]zi — &> iep i(E)zi+ (&)1 —
2ier¥i(€)z€ D o EWi(S) — (1 —e)p,(d)]Ad — ed+w(E)(1 = 3 ()4 =
[0(E) — (1 —¢)]Ad —edced —eA=27 (Wy — W) = Wy, and so (u — uw) (&) = (u—
V)(E)+ (v—uw)(&)eWy— Wy =2Woc=W. We conclude that (u—upy)
(suppv)c W.

(b) If £e M\supp v, then it is clear that u(&) = (u — v)(&) e Wy, uw (&) = w(&)(w, —
) (& ew(&)Woyc Wy. Thus, (u—uw)(E)eWy— Wy =2WycW. Hence, (u-—

uw)(M\ suppv)= W.
From (a) and (b), it follows that (u — up )(M)< W. Therefore, uy satisfies all
required properties. [

In the particular case X = Y =T we get

Corollary 1. For every function ueCr(T xS), there is a sequence
(tn),>1 =Cr(T)® Cr(S), such that u, % uand
un(T x S)< co(u(T x S)), suppu,cu ' (I'\{0}) VneN*.

2.2. The case of Eg= Co(T, X)® Co(S,Y)=C (M, Z)

Theorem 3. Ifue Co, (M, Z), then for all We V" z(0) and compact K = M, there exists
an approximant uw g € Ey, such that

(u—uw)(M)=W, uwx(M)< co(u(M)u{0}),

uw x(K) <= co(u(M)), supp uwx<u ' (Z\{0}).
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Proof. We can assume that ##0, that is 3¢ e M, with u(&y)#0. Fix Wev 2(0),K
compact in M and set F = K if 0¢u(K), and F = {&y} if 0eu(K). Since 0¢ u(F) and
u(F) compact, AWy e ¥"2(0), such that Wy <= W, W, open and convex and u(F) N Wy =
0, that is Fcu ' (Z\Wy). For every Ac M, set Ay =mi(A), As = n(A4), Ay =
Ar x As. For H = u=Y(Z\Wy), D =u(Z\27'"Wy), L =u""(Z\27'W,), we have
FcH,cD,cL,=M, H,; and L, are compact, D, is open. Since L, = Ly x Lg and
U, €Cz(Ly), by Theorem 2, v =>,_ ;a4;®b;e Cx(L7)® Cy(Ls), such that (u—
v)(Ly) = Wo,v(Ly)=co (u(Ly)) and suppvcL,nu"'(Z2\{0}). Since Hr, Ly are
compact, Dy is open and Hr<DrcLy<T, by Urysohn’s lemma, 3¢ : T— [0, 1]
continuous, with P, = 1,supp ¢ = Dr. Similarly, 3 : S—[0,1] continuous, such
that wl”s = l,suppy =Ds. Define o :=¢®y: M—[0,1]. Hence, w, =1 and
supp @ < D,. Finally, define the function

(wv)(&) if EelLy,
0 if ée M\L,.

Obviously, supp wesuppvcu~!(Z2\{0}), w, =1, , WwWF)=0v(F)cco(u(M)),
w(M)cw(L,) - v(L;)u{0}=[0,1]-co(u(M))<= co(u(M)u{0}) and we Ey. We next
show that (u — w)(M) < W,. We clearly have

(u—w)(M) = (u—w)(Hy)uu—w)(L\H;) v (u—w)(M\Ly,).

But (u—w)(H;) = (u—v)(H)cWy and (u—w)(M\L,) =u(M\L;)< u(M\L)c
27'"Woc Wy, For  EeL\Hy, (u—w)(&) = (1 — (&) u(é) +o(é)(u—r0)(E)e(l -
o (E))Wo + w(E)Wy = Wy. Hence, (u—w)(M)c Wy W. If F#K, then Oeu( ),
and so w(K)cw(M)c co(u(M)u{0}) =co(u(M)). We conclude that u, =w
satisfies all required properties.

w:M->Z, w() = {

In the particular case X = Y =T we get

Corollary 2. If ue Co, (T x S,T'), then for every compact K =M, there is a sequence
(Un) =1 = Co(T, T)® Co(S,T), such that u, % u and

uy (T x S)< co(u(T x S)u{0}), u,(K)c co(u(T x S)),

supp u, cu”(T\{0})VneN".
2.3. An application: the density of Co(T,X)® Cy(S,Y) in Co(M,Z) with respect to
the inductive limit topology

Theorem 4. If ue Co(M,Z), then for every VeV ¢z (0) with respect to the
inductive limit topology, there exists uy € Ey, such that

u—uyeV, uy(M)c co(u(M)), suppuycu'(Z\{0}).

Proof. We can assume that Oeu(M), since otherwise M is compact and the
conclusion is given by Theorem 2. Fix Ve7 ¢z (0) and set K :=
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suppu, Co(M,Z) = {ve Co(M,Z) | suppvc=K}. Since VnCy(M,Z), is a neigh-
borhood of the origin in Cy(M,Z), with respect to the uniform con
vergence  topology, it follows that 3IWe? 2(0), with {veCy(M,
Z)g |lo(M)c W}V nCy(M,Z),. Now Theorem 3 shows that Jve Ey, such that
(u—v)(M)cW,v(M)c co(u(M)u{0}) = co(u(M)), suppvcu~'(Z\{0})=K. We
thus get u —veCy(M,Z)g, (u—v)(M)cW, and so u—veV. Hence, uy =v
satisfies all required properties. [J

Corollary 3. Ey, and consequently Co(T,X)® Co(S,7Y), is dense in Co(M,Z) with
respect to the inductive limit topology. Moreover, if X and Y are metrizable, then this
density is sequential.
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